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3.1 Implications

Recall that during the last lecture we introduced the concept of the implication of two predicates p and q.
It is written as p⇒ q or read as “p implies q”.

Now, we defined the following:

p⇒ q is logically equivalent as ¬q ∨ p. (3.1)

In addition, we define two other definitions:

1. The contrapositive of p⇒ q is 6= p⇒ ¬q, and

2. The converse of p⇒ q is q ⇒ p.

We can show the relationship of these three definitions in a truth table below:

p q p⇒ q ¬p ¬p ∨ q ¬q ¬q ⇒ ¬p q ⇒ p
True True True False True False True True
True False False False False True False True
False True True True True False True False
False False True True True True True True

From the table above, we can see that an implication and its contrapositive is logically equivalent.

3.2 Biconditional Operators

Denoted as p ⇐⇒ q, implying both p⇒ q and q ⇒ p. The bicondition can be written as (p⇒ q)∧ (q ⇒ p).

3.3 Predicate Functions

As an example, we consider this series of claims:

2 is divisible by 3 False
3 is divisible by 3 True
4 is divisible by 3 False
5 is divisible by 3 False
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We can see that the only thing that changed is the first variable. Therefore, we can define:

P (x) = “x is divisible by 3“

Notes:

1. The predicate function works just like a proposition, except it contains ≥ 1 variables.

2. As a convention, we start naming predicate functions beginning with a capital P.

We can also have predicate functions with 2 variables, such as:

Q(x, y) = “x2 + y2 = 1”

The above is true for all (x, y) on the unit circle.

3.3.1 Existential and Universal Quantifications

Consider the following predicate function:

R(x) : “x < x2 − 2x + 1” where x ∈ N

Then, we ask two questions:

1. Is R(x) ever true?

2. Is R(x) always true?

3.3.1.1 Existential Quantifications

The first question is simple to answer, since both R(0) and R(10) are true.

An existential quantification is expressed as:

∃x ∈ N, R(x) ⇐⇒ there exists an x ∈ N such that R(x) is true

To prove if such statements are true, an example needs to be found.

3.3.1.2 Universal Quantifications

To answer the second question, we can find a counterexample where R(x) is not true, such as R(1).

An universal quantification is expressed as:

∀x ∈ N, R(x) ⇐⇒ for all x ∈ N such that R(x) is true

To prove if such statements are false, a counterexample needs to be found.
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3.3.1.3 Expression with Logical Variables

Alternatively, we can write an existential or universal quantification as a combination of predicates, connected
with logical conjunctions.

(∃x ∈ D, P (x)) ⇐⇒ (P (x1) ∨ P (x2) ∨ . . . )

(∀x ∈ D, P (x)) ⇐⇒ (P (x1) ∧ P (x2) ∧ . . . )

The intuition behind proving the existential quantification is that, if any one of P (xi) is true, then the
combined statement is also true. Therefore, to prove an existential quantification, we need to find one
instance of xi such that P (xi) is true.

As for the universal quantification, we can disprove it (prove it false) by raising a counterexample. It can be
observed that, if any P (xi) is false, then the whole statement would also be false.

3.4 Statements with > 1 quantified variables

When it comes to statements with more than 1 quantified variables, we have rules to shorten or reorder the
quantified variables.

For example, to show the communtativity of real numbers, we can write:

∀x ∈ R,∀y ∈ R, x + y = y + x original statement

∀x, y ∈ R, x + y = y + x collapsing the two quantified statements

∀y ∈ R,∀x ∈ R, x + y = y + x reordering the two quantified statements

If the “type” of all quantified statements are the same (∀ and ∃), we can collapse or reorder them. However,
if they are not the same, we cannot.

We can show when this does not work with this example:

Consider A = {1, 2, 3, 4}:

1. ∀x ∈ A,∃y ∈ A, x + y = 5. This statement is true, since for any element in A, we can always find
another that adds up to 5.

2. ∃y ∈ A,∀x ∈ A, x+ y = 5. This statement is false, since there isn’t any element y, when added to each
of the other elements x all produces 5.


