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4.1 Reading Quantified Statements

When reading quantified statements, we read them from left to right. For example:

∀x ∈ Z,∃y ∈ Z, x + y = 0

The above statement is essentially saying:

• For all x ∈ Z, the following is true:

– For some y ∈ Z (may depend on x), the following is true:

∗ x + y = 0

4.1.1 Example

For the following definitions:

• H is the set of humans.

• The predicate function Loves(x, y) : Person x loves person y, x, y ∈ H

Consider the following statements:

1. “everyone loves everybody” ⇐⇒∀x, y ∈ H, Loves(x, y)

2. “someone loves someone” ⇐⇒∃x, y ∈ H, Loves(x, y)

3. “everyone loves someone” ⇐⇒∀x ∈ H,∃y ∈ H Loves(x, y)

4. “someone is loved by everybody” ⇐⇒∃y ∈ H,∀x ∈ H Loves(x, y)

Now, consider the last two statements. We can make two interesting observations for some domain D1,D2

and elements x ∈ D1, y ∈ D2:

1. (∀x ∈ D1,∃y ∈ D2,Loves(x, y))⇒ (∃y ∈ D2,∀x ∈ D1,Loves(x, y)) is False, while:

2. (∃y ∈ D2,∀x ∈ D1,Loves(x, y))⇒ (∀x ∈ D1,∃y ∈ D2,Loves(x, y)) is True

We can more intuitively see the validity of the second statement when it is translated into English: “there
is someone loved by everyone” implies “everyone loves someone”

4-1



4-2 Lecture 4: September 18

4.2 Negations

During a proof, to prove something true, you can also prove its negation false.

4.2.1 Negating Universal or Existential Quantifications

We can intuitively produce the negation of universal and existential quantifications:

Statement Negation of Statement
∀x ∈ D, P (x) ¬ (∀x ∈ D, P (x)) = ∃x ∈ D,¬P (x)
∃x ∈ D, P (x) ¬ (∃x ∈ D, P (x)) = ∀x ∈ D,¬P (x)

4.2.2 Negating Implications

4.2.2.1 Example

Consider:

• Domain E: set of employees

• Predicates:

1. O(x): x earns more than $50k

2. P (x): x is female

• Statement: “All employees earning more than 50k are female”

The above statement can be written as ∀x ∈ E, O(x)→ P (x).

It is important to note that the statement is not the same as ∀x ∈ E, O(x) ∧ ¶(x), as this would say “all
employees are female and earn more than 50k”.

This statement can be negated as: “not all employees earning more than 50k are female”, or:

¬ (∀x ∈ E, O(x)⇒ P (x))⇐⇒∃x ∈ E,¬ (O(x)⇒ P (x))

In order to evaluate ¬ (O(x)⇒ P (x)), we need to use de Morgan’s law. It states the following for
implications p and q:

1. ¬ (p ∧ q) = ¬p ∨ ¬q

2. ¬ (p ∨ q) = ¬p ∧ ¬q

Since we can write our implication as a logical expression, we can then negate it.

¬ (O(x)⇒ F (x))⇐⇒¬ (¬O(x) ∨ F (x))

⇐⇒¬ (¬O(x)) ∧ ¬F (x)

⇐⇒O(x) ∧ ¬F (x)
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4.3 Expressing Mathematical Statements using Quantified Expres-
sions

We define divisibility as:

Let n, d ∈ Z, n is divisible by z if:

∃k ∈ Z such that n = dk.

We can write the above as d|n, where “|” is a binary predicate.

For an implication such as: “if x divides 10, it divides 100”, we can write:

∀x ∈ Z, x|10⇒ x|100


