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5.1 Precedence Rule (Order of Operations)

When reading logical statements, we will encounter a series of binary operators (e.g. ∧, ∨), unary operators
(e.g. ¬) or quantifiers (⇐⇒, ⇒ ). It is important that we interpret them in the right order.

For example, what does the following statment say?

p ∨ q ⇒ r

Is it (p ∨ q)⇒ r or p∨ (q ⇒ r)? This is a similar question as asking the meaning of 1 + 2× 3. Of course, the
latter example is more straightforward than the former, as we are more accustomed to it.

The following list defines the precedence rule (the “order of operations”) for logical statements. Starting
from the top are operators that we should evaluate first.

1. First, evaluate “not” (¬)

2. Then, “and” and “or” (∧, ∨)

3. Then, implications or bijections (⇒ , ⇐⇒)

4. Lastly, quantifiers (∀, ∃)

Defining this rule eliminates possible ambiguities in logical statements. However, you should always use
parenthesis when unsure.

5.2 Introduction to Proofs

A proof is defined as: “an argument that shows that is a statement is true”, while a disproof shows that a
statement is false.

Good proofs are:

1. Concise

2. Complete (with no details left out)

3. Presented in connected order (when read in order, the reader can be “lead” to the result)
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5.2.1 Proof Recipes

A proof recipe defines a set of procedures that lead to effective proofs. It contains the following steps:

1. Identify: Do you wish to prove or disprove the statement? Make the decision based on your intuition.

2. Translate into predicate logic: As natural language might be ambiguous sometimes, you should
convert the statement into something more rigorous and well-defined. This process can also help you
clarify the statement internally.

3. Informally write down observations: This process helps you sort out your intuitions.

4. Write down formal proof : Finally, translate your observations and process of logical deduction into
a rigorous proof.

5.2.2 Proving Existential Statements

Example: “Some powers of 2 are greater than 1000”.

Step Part of Proof Comments

1. Identify proof or
disproof

We would like to prove the statement true.

We suspect the statement is true, since we
know that powers of 2 grows in a
monotonically increasing fashion. So,
eventually, it will reach 1000.

2. Translate into
predicate logic

∃n ∈ Z, 2n > 1000

We first make the decision to name our
variable as n. Next, as we can see that
“powers of 2” follows the form of 2n, we can
write the existential statement that way.

3. Informally write
down observations

We can see that, for n = 10,
2n = 1024 > 1000.

Since only one instance of n is required to
prove the existential statement true, the one
example with n = 10 is sufficient.

4. Writing formal
proof

(see below)

Proof: Pick n = 10, then 2n is a power of 2, and:

2n = 210 substitution

= 1024

> 1000

Hence, ∃x ∈ Z, 2n > 1000.

5.2.2.1 Summary

For proofs of existential statements, they typically follow this structure:
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Given statement ∃x ∈ D, P (x).

Proof:

Header: Let x =

Body: Prove that P (x) is true

Note: The blank space can be a value or an expression that evaluates to a value.

5.2.3 Proving Universal Statements

Example: “Every real number n larger than 20 satisfies the inequality 1.5n− 4 > 3”.

Step Part of Proof Comments

1. Identify proof or
disproof

We would like to prove the statement true.
We suspect that the statement is true, as
LHS is a monotonic function with a positive
slope, while RHS is a constant.

2. Translate into
predicate logic

∀n ∈ R, n > 20⇒ 1.5n− 4 > 3
We define the domain of the function to the
set of real numbers, then write the statement
as an implication.

3. Informally write
down observations

For some real numbers n, such as n = 21, the
inequality holds.

When we test some values of n, the
inequality is true.

4. Writing formal
proof

(see below)

Proof: Let n be an arbitrary real number and assume n > 20.

Since n > 20

⇒ 1.5n > 30 multiplying 1.5 on both sides

⇒ 1.5n− 4 > 26 subtracting 4 from both sides

⇒ 1.5n− 4 > 3

Hence, ∀x ∈ R, 1.5n− 4 > 3.

The structure of an universal proof can be produced similarly as the existential one.


